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Abstract. - This Letter deals with the time evolution of a qubit weakly coupled to a reservoir
which has a symmetry broken state with long range order at finite temperatures. In particular,
we model the ordered reservoir by a standard BCS superconductor with s-wave pairing. We study
the reduced density matrix of a qubit using both the time-convolutionless and Nakajima-Zwanzig
approximations. We study different kinds of couplings between the qubit and the superconducting
bath. We find that ordering in the superconducting bath generically leads to an unfavorable non-
Markovian faster-than-exponential decay of the qubit coherence. On the other hand, a coupling of
the qubit to the non-ordered sector of the bath can result in a Markovian decoherence of the qubit
with a drastic reduction of the decoherence rate. Since these behaviors are endemic to the ordered
phase, qubits can serve as useful probes of continuous phase transitions in their environment.
We also briefly discuss the validity of our main result, faster than exponential decay of the qubit
coherences, for a qubit coupled to a generic ordered bath with a spontaneously broken continuous
symmetry at finite temperatures.
Introduction. – The past decade has seen tremen-
dous activity devoted to developing experimentally viable
qubits for quantum computing. These two-level systems
are realized, for example, by directly using the charge or
spin degrees of freedom of electrons and quantum dots
[1] or more complex entities like flux qubits [2, 3] and
Cooper boxes [4]. The utility of all these qubits for quan-
tum computation is strongly limited by the influence of
their environment which tends to destroy their quantum
coherence. Consequently, a lot of recent theoretical stud-
ies have focused on ways and means of increasing the co-
herence time scales [5–10]. Another viewpoint consists of
employing such ‘ ancillary qubits’ as probes of the environ-
ment with which they interact, as typically done in NMR
spectroscopy. An example is a spin-glass bath where, the
reduced dynamics of the qubit was shown to be directly
sensitive to the spin glass order parameter [11]. This is es-
pecially useful in the field of quantum optics, where given
the difficulty of standard thermodynamic measurements,
such small probes can be used to explore phase transi-
tions in Dicke like models [12] and also to investigate both
equilibrium and non-equilibrium properties of cold atoms
[13].
The first theoretical studies of decoherence considered
environments consisting of independent harmonic oscilla-
tors [14] or spins [15, 16]. More recently, complex baths
have been studied. In particular, intrabath interactions
have been taken into account [7, 17–19], raising the ques-
tion of the possible influence of thermodynamic phases
and transitions on the decoherence of the qubit. It has
been shown that the mitigating impact of intrabath inter-
actions seen in many cases [17, 19] breaks down when the
bath is in the vicinity of a phase transition [6].
Numerous studies [18, 20, 21] have addressed the ques-
tion of what happens when the bath is in the vicinity
of a quantum phase transition in the case of one dimen-
sional spin baths and have found enhanced decoherence
near the critical point. Note however, that the time evolu-
tion in these zero temperature systems is generically non-
Markovian and due to the one dimensional nature of the
baths considered, no true long range order exists. For
higher dimensional baths at finite temperatures, it was
shown that the Markovian decoherence rate diverges on
the disordered side as one approaches the second order
transition temperature [6] signaling the non-Markovian
time evolution in the ordered phase. Refs. [17, 22] argued
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that once in the ordered phase, symmetry breaking in the
reservoir helps reduce decoherence, while Ref. [19] found
a strong Gaussian decay of quantum coherence. However,
these works suffer from different drawbacks ranging from
a complete neglect of low energy modes in Ref. [17] to ob-
taining an order parameter independent behavior for the
time evolution of the qubit in Ref. [19].
In this paper, we revisit the problem of ordered baths
at finite temperatures to have a clearer understanding of
their effect on qubits. We consider a superconducting
bath at finite temperature in three dimensions described
by the Bardeen Cooper Schrieffer (BCS) theory. Though
the BCS Hamiltonian does not capture the fluctuations
in the disordered phase, it provides a very good descrip-
tion of the ordered phase. In line with Ref. [6], where it
was shown that the impact of the ordering on the qubit
depends crucially on the relation between the qubit-bath
interaction and the order parameter, we study different
kinds of interactions between the qubit and the bath. We
shall show below that the ordered phase, characterized by
a spontaneously broken continuous symmetry, is synony-
mous with a non-Markovian time evolution of the qubit
density matrix with interesting anomalous features. More-
over, the ordered superconducting phase has a rich variety
of behaviors not seen in the disordered phase, including
faster-than-exponential decay of the coherence. The latter
makes it unfavorable from the point of view of quantum
computing. But, there are interesting exceptional qubit
states which decohere slower when the bath orders. This
sensitivity of the qubit to the order in the bath, makes it
a good probe of the transition in the bath.
Model. – The combined system of the qubit and the
superconducting bath is described by the Hamiltonian
H = σq ·V +HB, (1)
where σq is the vector Pauli operator for the qubit, whose
components are the usual 2×2 Pauli matrices, V is some
bath vector operator that will be specified later, and HB is
the conventional BCS Hamiltonian HB =
∑
kǫEkα
†
kǫαkǫ
[23]. The Bogoliubov operators αkǫ are related to the elec-
tron annihilation and creation operators by
α†kǫ = ukc
†
kǫ + vkc−k−ǫ
α−kǫ = ukc−kǫ − vkc†k−ǫ,
(2)
where c†kǫ creates an electron with momentum k and
spin ǫ =↑, ↓. The BCS dispersion relation is Ek =
sgn(ek)
√
e2k +∆
2, where ek is the underlying electronic
dispersion and ∆ is the superconducting gap. The co-
efficients in (2) obey (u, v)2k = (1 ± ek/Ek)/2. We set
~ = kB = 1 in the rest of the paper.The superconducting
order parameter ∆ at temperature T is self-consistently
determined by
gN
∫ ωD
0
de
tanh(
√
e2 +∆2/2T )√
e2 +∆2
= 1 (3)
where g is the strength of the phonon-mediated electron-
electron interaction, ωD is the Debye frequency and N is
the electronic density of states at the Fermi surface. As is
well known, this equation determines a critical tempera-
ture Tc which separates a high-temperature metallic phase
where ∆ = 0 and a low-temperature phase where ∆ in-
creases monotonically as T decreases.
We assume that, at time t = 0, the qubit and the bath
are uncorrelated and that the bath is in thermal equilib-
rium at temperature T . The initial state of the combined
system is thus Ω = ρ(0) ⊗ ρB where ρB ∝ exp(−HB/T )
and ρ(0) is any qubit density matrix. The time evolution
of the reduced density matrix of the qubit is given by
ρ(t) = TrB[e
−iHtΩeiHt] (4)
where TrB denotes the partial trace over the bath de-
grees of freedom. Since the superconducting bath has long
range order, this implies that the typical correlation times
of the bath are very long. This automatically precludes
the use of Markovian master equations, which relies on
short bath correlation times, to study the time evolution
of the reduced density matrix ρ. Since, we anticipate non-
Markovian behaviour in the present problem, in the limit
of weak coupling between the qubit and the bath that we
are interested in, one can use two main methods to cal-
culate ρ(t): i) the time-convolutionless (TCL) projection
operator technique and ii) the Nakajima-Zwanzig (NZ)
approximation [24, 25]. Though both methods can deal
with non-Markovian time evolution, TCL gives local-in-
time equations of motion for ρ(t) whereas the NZ approx-
imation gives an integro-differential dynamical equation
for ρ(t). The accuracy of these methods depends on the
problem studied and it is difficult to assert a priori which
one is more appropriate [26]. In this Letter, we focus on
the asymptotic evolution predicted by the second-order
TCL approximation, and briefly discuss the results ob-
tained using the NZ technique at the end. To write the
the master equation given by the TCL approximation to
second order, it is convenient to first rewrite the Hamilto-
nian (1) as
H = HB + σq · 〈V〉 +HI (5)
where 〈. . .〉 = Tr(ρB . . .) and HI = σq · (V − 〈V〉). With
these notations, we obtain using the Born approximation
∂tρ = −i[σq·〈V〉, ρ(t)]−
∫ t
0
dτTrB
[
HI , [HI(−τ), ρ(t)⊗ρB ]
]
,
(6)
where the time dependent HI is given in the interaction
picture by
HI(t) ≡ eitHBHIe−itHB = σq · (V(t) − 〈V〉) (7)
The TCL equation Eq.(6) is our starting point for the
calculations which follow. We remark that, replacing the
upper limit of the integral t in (6) by +∞ leads to the
well-known Markovian master equation. However, as we
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will show below, the time evolution of ρ(t) can be non-
Markovian in the ordered phase precluding the use of such
Markovian master equations. We note that Markovian
evolution means a simple exponential decay of the ele-
ments of the density matrix. To obtain the equivalent
equation for the reduced density matrix within the NZ
scheme, it suffices to replace ρ(t) in the integral on the
right hand side of (6) by ρ(t − τ). This results in a time
non-local equation for the reduced density matrix.
Kondo coupling. – We first consider a Kondo like
coupling where the qubit couples to the electronic spin
density at the origin S(0), i.e.,
Vα = λSα(0) ≡ λ
∑
k,k′,ǫ,ǫ′
c†kǫσ
α
ǫǫ′ck′ǫ′ (8)
where α ∈ {x, y, z}, λ is the coupling strength, and σαǫǫ′ are
the matrix elements of the Pauli matrix σα. The Hamil-
tonian (1) is effectively the same as that of a magnetic
impurity embedded in a superconductor. Similar Kondo
couplings were studied experimentally in multi-walled car-
bon nanotubes [28] and in spin half quantum dots coupled
to two superconducting reservoirs in [29]. Contrary to
the situation of a metallic bath where one really does not
have a true weak coupling regime because of the dynamical
Kondo effect, here we have a weak coupling regime [27].
The isotropy of the total Hamiltonian (1) and the absence
of any net moment in the bath lead to the following sim-
plifications: since 〈V〉 = 0, the first term in (6) vanishes
and all components of the effective spin-1/2 correspond-
ing to the qubit, i.e., sα(t) = Tr(ρ(t)σ
α
q ), satisfy the same
equation of motion. Consequently, the qubit evolution is
characterized by a unique time function M defined by
sα(t) = M(t)sα(0) (9)
We see that with a Kondo like coupling, both decoherence
and relaxation exhibit the same time evolution. By writ-
ing the electron operators ckǫ in terms of the Bogoliubov
quasi-particle operators (2), we find
lnM(t) ≃ −4λ2
∫ ∞
−∞
dω
sin(ωt/2)2
ω2
Γ+(ω), (10)
with
Γ±(ω) =
[
S±(ω) + S±(−ω)] (11)
and and the functions S± are given by
S±(ω) =
∫ ∞
−∞
def±(e, ω)ρ(e)ρ(e − ω)n(e)n(ω − e), (12)
where f±(e, ω) ≡ 1±∆2/e(e− ω), ρ(e) = |e|(e2−∆2)−1/2
is the superconducting density of states, and n(e) =
1/(exp (e/T ) + 1) is the Fermi function. We note that
S+(ω) and S−(ω) are the dynamical spin and charge struc-
ture factors of the superconducting bath.
For T > Tc, the bath is a simple metal (f
±(e) = 1)
and we obtain the usual asymptotic Markovian decay
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Fig. 1: lnM(t)/t as a function of ln t for T = 0.02, 0.03, 0.04,
0.045 and 0.051 in units of ωD. The inset shows the coefficient r (in
units of ωD) as a function of T . Here gN = 0.33, Tc ≃ 0.056ωD and
∆(0) ≃ 0.1ωD .
lnM(t) = −γt with a decay rate γ = 4πλ2S+(0) which
increases and saturates to a density of states dependent
value at very high temperatures [7, 8]. As one approaches
the transition temperature T → T+c , we expect the grow-
ing fluctuations to result in a divergent rate γ at Tc [6]
though this is not captured by the mean field BCS theory
used here. We now analyze the asymptotic qubit evolu-
tion in the ordered phase 0 ≤ T < Tc. At T = 0, we
find that S+(ω) = 0 for all ω > −2∆, where 2∆ is the
gap to two particle excitations. This gap leads to an
incomplete decoherence of the qubit where the function
M(t) approaches a constant as a power law in the asymp-
totic limit t → ∞ just as seen in the case of an insulat-
ing bath [8]. The resulting asymptotic density matrix ρ
does not lose the memory of the initial conditions since
M(t) 6= 0 implying that the qubit is not in a simple sta-
tistical mixture with equal probabilities of spin up and
spin down states. At temperature 0 < T < Tc, due to
the divergence present in the superconducting density of
states, S+ is infra-red divergent: S+(ω) ≃ −r(T ) ln |ω/T |
as ω → 0. This divergence stems from the existence of
Goldstone modes in the ordered phase. The pre-factor
r(T ) = (∆/2) cosh−2(∆/2T ), shown in the inset of Fig.1,
is a non-monotonic function of temperature which van-
ishes at T = 0 and T = Tc. This infrared divergence
results in
lnM(t) ≃ −2πλ2r(T )t ln t (13)
for times t ≫ ta ≡ Max(1/T, 1/∆). We see that, con-
trary to naive expectations, the ordered bath leads to
a novel faster-than-exponential loss of coherence of the
qubit. This can be attributed to the fact that the qubit
couples to the spin fluctuations and hence order param-
eter fluctuations via the singlet Cooper pairs. Moreover,
we see an interesting reentrance in the asymptotic regime
because the coefficient r(T ) which dictates the asymptotic
decoherence is the same for two different temperatures (cf
Fig. 1).
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Fig. 2: sα(t) as a function of t for the order coupling to a super-
conducting bath at T = 0.045ωD for the initial conditions indicated
in the legend. For the components sy and sz, only the envelope is
plotted. The inset shows γx ( in units of 4piλ2) as a function of
T (in units of ωD) for metallic and superconducting baths. Here
gN = 0.33 and λ = 0.05ωD .
Order coupling. – To further understand the phys-
ical origin of the ultra-fast decoherence seen above for a
Kondo coupled qubit, we now consider a direct coupling
of the qubit to the order parameter of the bath of the form
λ[σ−q c
†
0↑c
†
0↓ + σ
+
q c0↓c0↑] (14)
where σ±q are the qubit spin raising and lowering operators
and c†
0↑c
†
0↓ is the superconducting order parameter at the
origin. This coupling can be rewritten in momentum
space and in terms of the operators V such that Vz = 0
and
Vx = λ
∑
k,k′
(c†k↑c
†
k′↓ + ck′↓ck↑)
Vy = iλ
∑
k,k′
(c†k↑c
†
k′↓ − ck′↓ck↑) (15)
These operators are directly related to the supercon-
ducting order parameter operator at the origin, O =∑
k,k′ c
†
k↑c
†
k′↓. Such couplings can be realized in qubits
made from Cooper pair boxes which are capacitively tun-
nel coupled to a superconducting reservoir [4, 30]. In this
case, the interaction Hamiltonian describes the tunneling
of a Cooper pair from the box into the reservoir and vice
versa. In general, depending on the details of the sin-
gle electron tunneling coefficients, the interaction term
in Eq.(14) would be modified by suitable form factors.
Multi-qubit models with similar interactions with a super-
conducting reservoir have also been proposed to observe
quantum optics phenomena like superradiance in meso-
scopic systems [31]. In our view, the case of a single qubit
still remains to be fully understood. Consequently, for the
bath in thermal equilibrium, as opposed to the Kondo cou-
pling case, here we have 〈Vy〉 = 〈Vz〉 = 0 and 〈Vx〉 6= 0. In
this case, we obtain, from (6), the following set of coupled
differential equations for the components sα:
∂t

 sxsy
sz

 =

 Σ−(t) 0 00 Σ+(t) h
0 −h Σ−(t) + Σ+(t)



 sxsy
sz


(16)
The first order term h ≡ −2 〈Vx〉 = 2λ∆/gN and the
functions Σ± are given by
Σ±(t) = −4λ2
∫ ∞
−∞
dω
sin(ωt)
ω
Γ±(ω) (17)
with the Γ± defined earlier in (12). Unlike the Kondo
case previously studied, here the equations for the com-
ponents y and z are coupled in the ordered phase where
∆ 6= 0. A closer look shows that Σ− and hence sx are re-
lated to the dynamic charge correlation function which is
non-singular in the superconducting phase and Σ+ to the
spin correlation function which shows singular behavior in
the superconducting phase. As will be discussed below,
this leads to a complex time evolution for the different
components of the qubit density matrix.
For T > Tc, all the components sα are uncoupled and
decay asymptotically as ln sα = −γαt with the rates γx =
γy = 8πλ
2S−(0) and γz = 2γx. The existence of two dif-
ferent rates is a direct consequence of the spin anisotropy
of the order coupling whereas in the spin isotropic Kondo
case, all rates are the same. In the ordered phase, at
T = 0, solving Eq.16, we find that the presence of a gap,
both in Σ− and Σ+, leads to an incomplete decay of the
central spin coherences. For T 6= 0, since S− is always reg-
ular and finite at low frequencies this results in a Marko-
vian decay ln sx ≃ −γxt for times t ≫ ta. The full tem-
perature dependence of the rate γx is shown in the inset
of Fig. 2. Its behavior for T → 0 is γx ∝ Te−∆/T . This is
an important result of our work because it shows that in
the ordered phase, the Markovian rate for the component
sx is strongly suppressed compared to a simple metallic
bath. This is very similar to the relaxation induced by
a coupling to the charge fluctuations, studied in the con-
text of NMR by Fulde and Black [32], which is described
by σq · V ∝ σznˆ where nˆ is the number of electrons at
the origin. For T ≥ Tc, the rate γx coincides with the
rate of the equivalent metallic bath with ∆ = 0 and sat-
urates to a finite DOS-dependent value proportional to∫
dEρ(E)2 as expected. If the qubit’s entire evolution
was determined by this component, then the bath is ef-
fectively a semiconductor with a temperature dependent
gap [8]. On the other hand, we find that the components
sy and sz exhibit non-Markovian behavior. In the limit
of weak coupling between the qubit and the bath, Eq.(16)
can be solved for sy and sz [33]. The full solution is
given by (sy(t), sz(t)) = (sy(0), sz(0)) exp(A) where the
2 × 2 matrix A is typically an infinite series in the coef-
ficient λ. However, since we are interested in the weak
coupling limit, it suffices to retain terms only upto second
order in the coupling λ in the matrix A. This is equiv-
alent to the TCL result for the Kondo coupling seen in
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the previous section (cf. Eq.(10)). Doing the algebra, we
find,
sy ≃ ea1
[
sy(0) (a0sincΘ + cosΘ) + sz(0)ht sincΘ
]
(18)
sz ≃ ea1
[
− sy(0)ht sincΘ + sz(0) (cosΘ− a0sincΘ)
]
where the time dependent functions a0 and a1 are given
by
aµ(t) =
∫ t
0
dt′[µΣ+(t
′) + (µ− 1/2)Σ−(t′)] (19)
Θ(t) = [(ht)2 − a0(t)2]1/2 ≃ ht (20)
and sincΘ = Θ−1 sinΘ. Note that both sy and sz show
oscillatory behavior in the ordered phase with a frequency
proportional to the order parameter. At T = 0, sy and
sz oscillate at a maximal frequency and at finite tempera-
tures 0 < T < Tc, these oscillations are damped with the
envelope aµ(t) ∝ −r(T )t ln t for t≫ ta and we recover the
faster-than-exponential decay (13) with reentrant temper-
atures encountered for the Kondo coupling (cf Fig. 2).
The appearance of oscillations of the qubit can be used as
a tool to demarcate the phase diagram of the supercon-
ductor.
Because of the very different asymptotic behaviors of
the components sα found above, the decay timescale of
the qubit depends crucially on the initial conditions. As-
sume the qubit is initially prepared in an eigenstate of
σx. Then the components sy(t) = sz(t) = 0 are con-
stant, and the asymptotic time evolution of the qubit, de-
termined by sx(t), is non-oscillatory and Markovian with
a highly reduced rate in the ordered phase. These pure
states are thus relatively stable in the environment consid-
ered here. Moreover, a combination of good initial prepa-
ration and pulse sequences which repeatedly orient the
qubit in the x direction could efficiently reduce decoher-
ence times [34, 35]. For an initial qubit state such that
sx(0) = 0, this component remains zero and the asymp-
totic behavior of the qubit consists of an oscillatory and
faster-than-exponential decay. In this case, due to the
coupling between y and z components, we have situations
where even if one of the components sy or sz is initially
zero, this component can grow with time and show oscil-
latory behavior. For generic initial states, since sy and sz
decay much faster than sx, the asymptotic time evolution
of the qubit is Markovian. The qubit state first decoheres
to a statistical mixture of the eigenstates of σx and then
relaxes exponentially into the maximally mixed state.
In both the Kondo and order coupling cases, we find
interesting intermediate time behaviors but these will be
discussed elsewhere. We now briefly discuss the results
obtained using the NZ approximation [8]. To second or-
der, the reduced density matrix satisfies (6) with ρs(t)
in the integral in the second term replaced by ρs(t − τ).
Using the results for S± given in Eq.((12)), we find
that in the case of the Kondo coupling, the asymptotic
0 200 400 600
t
0
0.5
1 MTCL(t)
MNZ(t)
Fig. 3: M(t) as a function of t for the Kondo coupling case using
both TCL and NZ approximations. The parameters are T = 0.03ωD ,
λ = 0.07ωD, gN = 0.33 and Tc ≃ 0.056ωD .
faster-than-exponential behavior seen earlier is replaced
by a much slower non-Markovian behavior Mnz(t) ∼∫
dω cos(ωt)/ ln |ω| ∼ −1/t ln t for times t ≫ tnz. We
find tnz ≫ ta and an intermediate regime ta ≪ t ≪ tnz
characterized by a quantitatively faster decay than that
predicted by the TCL approach, where the qubit becomes
practically incoherent. In the case of the order coupling,
we find that the conclusions for the asymptotic Markovian
behavior seen for the component sx remain unchanged
whereas, the components sy and sz show the same func-
tional form of decay given by Mnz. We plot the full
time evolution predicted by both approximation methods
in Fig.3. We can safely conclude that anomalously fast
decoherence seems to be a feature of both NZ and TCL
methods in the ordered phase.
Conclusion. – To summarize, we have studied the in-
fluence of a true long-range ordered bath on the state of a
qubit. For two different qubit-bath couplings and generic
initial conditions, we found a faster-than-exponential de-
coherence of the qubit in the ordered phase leading to
the conclusion that ordered baths are often disastrous for
qubits. This non-Markovian time evolution essentially
stems from the contribution of the Goldstone modes to
the bath correlation functions in the symmetry broken
phase. However, for a direct coupling of the qubit to
the ordering operator, some particular pure states of the
qubit with initial values 〈sy〉 = 〈sz〉 = 0 lead to pure de-
coherence with a highly reduced Markovian decoherence
rate when the bath orders, making such states potentially
useful in experiments using echo sequences or other re-
lated techniques. This result constitutes another example
of the important role played by the nature of the coupling
to a bath that can order [6]. For generic initial states
of the qubit, we expect, if fluctuations in the disordered
phase are properly taken into account, a divergence of the
Markovian rate at the transition from the disordered side,
followed by a faster-than-exponential loss of coherence in
the ordered phase. Exceptions are possible, as our study
shows.
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We believe that this picture of non-Markovian time evo-
lution in the ordered phase should be valid for all ordered
baths where a continuous symmetry is spontaneously bro-
ken, provided the qubit couples in some way to the or-
der parameter. In the problem studied here, the faster
than exponential non-Markovian behaviour in the ordered
phase is intricately linked to the existence of the soft Gold-
stone modes in the ordered phase due the the sponta-
neous breaking of the continuous U(1) symmetry. Typ-
ically, the non-Markovianity could be a faster than ex-
ponential decay or a power law decay. Power-law decay
(seen for example, in the spin boson problem at T = 0)
however, would imply slow decoherence. To obtain such
power law decays for the case or ordered baths at finite
temperatures would require a Γ±(ω) ∝ |ω|. Given that
Γ± is related to the dynamical structure factors of the
bath, S±(ω), fluctuation dissipation theorem tells us that
S±(ω = 0) 6= 0 at finite temperatures. This effectively
rules out any power law asymptotic behaviour and any
resulting non-Markovian behaviour has to be faster than
exponential. The full quantitative time evolution will of-
course depend on the particular physical problem studied.
An obvious question is, whether one would obtain such en-
hanced non-Markovian loss of coherence in other ordered
systems where the order arises from a spontaneously bro-
ken discrete symmetry like ZN as in the latter one would
not expect the formation of Goldstone modes. It would
be interesting to generalize our model to a non-degenerate
qubit and to study the effect of such anomalous dissipa-
tion on the tunneling of the qubit [14]. These question
are beyond the scope of the present paper and are left for
future work.
REFERENCES
[1] D. P. DIVINCENZO and D. LOSS, Superlattices and
Microstructures, 23 (1998) 419.
[2] Y. MAKHLIN, G. SCHO¨N and A. SHNIRMAN, Rev.
Mod. Phys. , 73 (2001) 357.
[3] M.W. JOHNSON et al, Nature, 473 (2011) 194.
[4] V. BOUCHIAT et al, Physica Scripta, 76 (1998) 165.
[5] W.A. COISH, J. FISCHER and D. LOSS, Phys. Rev.
B, 77 (2008) 125329.
[6] S. CAMALET and R. CHITRA, Phys. Rev. Lett., 99
(2007) 267202.
[7] S. CAMALET and R. CHITRA, Phys. Rev. B, 75
(2007) 094434.
[8] J. RESTREPO, S. CAMALET, R. CHITRA and E.
DUPONT, Phys. Rev. B, 84 (2011) 245109.
[9] P. MILMAN et al, Phys. Rev. Lett., 99 (2007) 020503.
[10] G. IOFFE et al, Nature, 415 (2002) 503.
[11] E.A. WINOGRAD, M.J. ROZENBERG and R. CHI-
TRA, Phys. Rev. B, 80 (2009) 214429.
[12] J.P. SANTOS, F.L. SEMIAO and K. FURUYA, Phys.
Rev. A, 82 (2010) 063801.
[13] A.M. LUNDE, S. E. NIGG and M. BUTTIKER, Phys.
Rev. B, 81 (2010) 041311.
[14] A.J. LEGGETT et al, Rev. Mod. Phys., 59 (1987) 1.
[15] J. SHAO and P. HA¨NGGI, Phys. Rev. Lett., 81 (1998)
5710.
[16] K.M. FORSYTHE and N. MAKRI, Phys. Rev. B, 60
(1999) 972.
[17] S. PAGANELLI, F. dePASQUALE and S.M. GI-
AMPAOLO, Phys. Rev. A., 66 (2002) 052317.
[18] D. ROSSINI et al, Phys. Rev. A, 75 (2007) 032333
[19] XIAO-ZHONG YUAN and KA-DI ZHU, Europhysics
Letters., 69 (2005) 868.
[20] Z. SUN, X. WANG and C.P. SUN , Phys. Rev. A, 75
(2007) 062312.
[21] F. M. CUCCHIETTI et al, Phys. Rev. Lett., 105
(2010) 240406.
[22] X.X. YI, L.C. WANG and H.T. CUI, Physics Letters
A, 372 (2008) 1387.
[23] J. BARDEEN, L.N. COOPER and J.R. SCHRIEF-
FER, Europhysics Letters., 108 (1957) 1175.
[24] C. COHEN-TANNOUDJI, J. DUPONT-ROC and G.
GRYNBERG, Processus d’interaction entre photons et
atomes (CNRS Editions, Paris) 1988.
[25] WEISS U., Quantum dissipative systems (World Scien-
tific, Singapore) 1993.
[26] H.-P. BREUER, D. BURGRATH and F. PETRUC-
CIONE, Phys. Rev. B, 70 (2004) 045323.
[27] W. CHUNG and M. JARRELL, Phys. Rev. Lett., 77
(1996) 3621.
[28] M. R. BUITELAAR, T. NUSSBAUMER and C.
SCHOENENBERGER, Phys. Rev. Lett , 89 (2002)
256801.
[29] EDUARDO J. H. LEE et al , Phys. Rev. Lett, 109
(2012) 186802.
[30] Y. NAKAMURA, Yu. A. PASHKIN and J.S. TSAI,
Nature, 398 (1999) 786.
[31] D A RODROGUES, B L GYORFFY and T P
SPILLER, J. Phys.: Condens. Matter, 16 (2004) 4477.
[32] J.L. BLACK and P. FULDE, Phys. Rev. Lett, 43 (1979)
453.
[33] C. RSCHEISEN, W. BALSER and F. STEINER, Ul-
mer Seminare ber Funktional-analysis und Differentialgle-
ichungen, 11 (2006) 53.
[34] S.W. MORGAN, B.V. FINE and B. SAAM, Phys. Rev.
Lett, 101 (2008) 067601.
[35] R. LUTCHYN et al, Physica Scripta, 78 (2008) 024508.
p-6
